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Abstract

HE

In causal set theory (CST), the continuum spacetime manifold is postulated to be a low-energy approxi-
mation of a more fundamental discrete sub-structure of a locally finite partial ordered set, called as the causal
set. In a collection of all n -element causal set Q,, with large n , almost all causal sets are non-manifold-like,
i.e., the one that cannot be approximated by a Lorentzian manifold of any dimension. These non-manifold-
like causal sets have to be suppressed by the appropriate CST dynamics. This chapter contains a discussion
primarily based on the work of Loomis and Carlip and that of Mathur, Singh and Surya on the suppression
of a particular type non-manifold-like causal sets, which dominates Q,, , in the causal set partition function
(path-sum) by a simplified choice of causal set action. On these causal sets this choice is equivalent to the
discrete Einstein-
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Hilbert action, and hence, such causal sets are suppressed in the full causal set quantum partition func-
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Introduction
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It is well established that our spacetime is a continuum manifold M equipped with a Lorentzian metric
g . Therefore, in any quantum theory of gravity, it is required that we recover the manifold structure of the
spacetime in appropriate limits, irrespective of the deep UV structure of the spacetime. In causal set approach
to quantum gravity, the quantum spacetime has a structure of that of a locally finite partial ordered set, also
called as the causal set (C, <) , where C is a set of spacetime elements, and < denotes a partial order relation
defined among the elements of C . This partial order (<) corresponds to the causal order among the spacetime
elements, i.e., for any two elements e;, e i €Cye<ej denotes that e jisin causal future of e; . Given a space-
time manifold, a causal set can be obtained by picking elements from the manifold via a Poisson sampling
process, also called here as “sprinkling”, and assigning the partial order (-) from one element to the other if
the latter is in the causal future of the former.

ARFTFER, AN R — DA CAEMANESIE M g, Eitt, EEMETFSIHEIEH, T
IEIN S HRIZ RS Anf], AT ZAEIE SR PRE N S RIRIEEH, ERRESRT51
TiiE, BN EAREARMREEEH, WEFORRE (C, <), B c 2N TRNES,
< FORNEMAE C TLRZ AT R R XM (<) XM TR Z RN ERE, BIXHEER T
Fee €Ce <e; e MT e MERAK, BE-NMNZEHY, 7] OB IHMRAEETE (K3
Aoy “WERET ) WNRTEFIEBUTR, & —DITRES —~DNITRIERARK, WM NITTRKT
fmFPXZR, HILETRS 2] —DEAERE,

Though every spacetime manifold can be thought of as an approximation to some causal set (with no
nontrivial structure below the discreteness scale), not every causal set admits a manifold-like approximation
in the sense discussed above. A causal set that cannot be approximated by a spacetime manifold is called as
non-manifold-like causal set. It was shown by Kleitman and Rothschild in [1] that in a collection of causal
sets with fixed but large number of elements, almost all causal sets are three-layered, which are obviously
non-manifold-like. It was further shown in [2-4] that even if we remove all three-layered causal sets from
the collection, the remainder will still be dominated by bilayer causal sets, followed by a hierarchy of layered
causal sets. This means that if we randomly select a causal set from this collection, the probability of it being
a manifold-like causal set is negligible. In other words, the manifold structure of the classical spacetime is not
entropically favored in causal set theory (CST). The fact that we are living in a manifold-like universe then
demands its explanation from the causal set dynamics. This explanation is crucial to the validity of the causal

set approach to quantum gravity.
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This problem was partly addressed by Loomis and Carlip in [5], where they showed that the bilayer
causal sets are suppressed in the causal set dynamics by the Benincasa-Dowker-Glaser (BDG) action for a
suitable choice of action parameters. This result was partially generalized by Mathur, Singh and Surya in [6]
to a family of collections of a particular type of layered causal sets called as quasi-layer orders (We will use
the terms orders and causal sets interchangeably throughout this chapter.), all of which include the bilayer
orders and the most dominant Kleitman-Rothschild (KR) orders, by showing their suppression in causal set
dynamics by the link action for the same choice of action parameters. Carlip, Carlip and Surya later showed in
[7] that the link action is approximately same as the BDG action for a three-layered order with large number
of elements, which was then generalized to layered orders with all layers in [8]. Therefore, the analysis of [6]
is applicable to the BDG action as well. We will discuss both the BDG and the link action in section “Causal
Set Partition Function”.

Loomis 1 Carlip TESZHR [5] HEB LR TIX AN AR, MATTIERR, 4XHEH E&SE0EE & 1EBUER,
WZ R R 218 R RE 5 1122+ 47 Benincasa-Dowker-Glaser(BDG) {EH &% ill, Mathur, Singh F
Surya TESZHR [6] HHRIX — &5 R B B — R BARAIVEF 7 BERRER S (RESRRANE
N CRIERER” B, XRESEEWNEF M S 3 FH Kleitman-Rothschild(KR) J77; I TIERH,
ONE A &S EOERAHFIBUER, XEFESTE R R L) - iEEE & EHl, Carlip, Carlip
1 Surya Z JE7ESCHR [7] FHUERH, X TR EBR RN =2, HHEEHRILMSERT BDG (EH &,
X—4510RE 5 TESCHR [8] FRHEE BIATE B By, Wik, Sk [6] B tid& A T BDG EH
B, BATHLE “RRERRE” — 7118 BDG 1EH &M &,

In this chapter, we discuss the work of Loomis and Carlip [5] and that of Mathur, Singh and Surya [6].
We start the chapter with a brief introduction to causal sets in section "Causal Set Basics” followed by an intro-
duction to a class of non-manifold-like causal sets called as layered causal sets in section "Non-manifold-like
Causal Sets”. We will be working with this class of non-manifold-like causal sets throughout this chapter.
In section “Causal Set Partition Function”, we discuss causal set actions and the partition function. In sec-
tion “Suppression of Layered Causal Sets”, we show that quasi-layer orders are suppressed in the causal set
partition function for a suitable choice of causal set action parameters. We conclude the chapter in section

”Conclusions”.

AREBA 1L Loomis A1 Carlip[5] PAK Mathur, Singh £l Surya[6] FIFHE TAE, AEFEFEATEE
1F “RRSEEM" —TEZENARRE, WETE “ERMERRE” — A — LB BEER
ENAERRIVEIRE, BITEEBREAMARXLIERMER RS, £ “WRER R —19, &
TGRSR A EMEC R, 78 “/rBREERER” —77, A TR Y SRR REEH
BSHI, PIRFSTERRER 7 R, FRAE “45i8" —TaiRAHE,



Causal Set Basics

R R AR AL

This section contains a brief overview of causal sets and some basic definitions relevant to this chapter.
For a detailed review on causal sets, the reader can refer to [9].

AR fig BRI IR RER N A B S Y ELE S 1528 R S B SRR [9] REXAI SR BRI TRANZRIA,

Definition 1. A causal set (C, <) is a locally finite partial order set. It is composed of a set C with partial

order < defined among its elements satisfying the following properties:

EX 1. FIRE (C, <) BREARMFSE, HES C 58 AEHTRBRIMPRR < ML, Hebl
TR

(i) Transitivity: For any e, e5,e; € C,e, <egandeg <e; => e, <e; .
() BB AT e, e5,e; € Cre, < e Flleg < e, = e, < e; XL,

(ii) Asymmetry: There exists no e,,e; € C such thate, < egandeg <e, .
(i) I FRME: R1FE eyes € CTHE e, < ey Hey < e, o

(iii) Local finiteness: For all e,,e; € C , the set{e; € C | e, < e; < e} is of finite cardinality.
(iil) RERAFRYE: ATA epes € C, BE {e; € Cle, < e < e} IEHAR,

Definition 2. The set {e; € C | e, < e; < e,} is called as the order interval of e, and ey and is denoted by
I[e,,e].

EN 2. e, €Cle, <e <e M e, M e, BIFXIHE, 1dHNI[e, e
Definition 3. A link < * is a relation not implied by transitivity, i.e., e, < %e;iffe, < e;and I [e,,es] = @
TES 3. 3R < « BRICIEHEIBMESBRERIRER, e, < xey GHMN G e, <e; H I[e,,e5] =@

Definition 4. A minimal element e, in C is the one with no preceding element, i.e., 3e; € C such that

es <ep.
TEX 4. NI e, £ C FAFAERTEILR, BIAFE Jeg € CTHE eg < e, o
Fig. 1 The Hasse diagram of a 5-element causal set with e; and e4 being the minimal element

B 15 5 MTRIRIRENGZER, Hi e fl ey NIIT
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A causal set can graphically be represented by its Hasse diagram, which only shows the link relations
(the rest being implied by transitive closure), with the directed relation going from the bottom of the figure
(past) to the top (future) as shown in Fig. 1.

RIERERNET R ZE R AT FROR, BERMNRRERRR, HRXAAHERNEESEE]; wE
1R, BRKRMERRER (2 X) F8ATEE RK).

Definition 5. A causal set (C, <) is approximated by a continuum spacetime (M, g) iff there exists a count-
able subset M of M , obtained by sampling elements of M using a Poisson sampling process with a high
enough density, and there exist a one-one ontomap ® : C — M such thatforanye,,e; € C,e, < e; < D (ey)

is in the causal future of @ (e,) .

TE 5. RIS (C, <) ATHIELEINZ (M, g) IE, X BACYTETE M AT ET46 Mo (B 28 3
HITERARAEE B M RIS 2], HEEWRN ——MN @ : C - M, fif53EE e, e, € Cre, <
e © @ (ey) HINLT @ (e,) HIRITRA KA,

Definition 6. A causal set (C, <) is manifold-like if there exists a continuum spacetime (M, g) such that

(C, <) is approximated by (M, g) .
TE N 6. BHIFEEESIN S (M, g) fEFRIRE (C, <) ATH (M, g) JEMRL, MIFR (C, <) BIMAIRKRE,

Note that all the conditions on partial order < in a causal set (C, <) given by Definition 1, except "local
finiteness,” are satisfied by the causal ordering in the corresponding continuum spacetime (M, g) . A discus-
sion on causal structure of a Lorentzian manifold can be found in [10,11].

R, X1 AHIRRE (C, <) TiRF < WETE AT, B “REARIE" 5h, E0 R RiES:
22 (M, g) FRIRIRPRR. BCLRIEEREHIASEIHE R 2 WS [10,11],

The Poisson sampling process, also called as “sprinkling”, is a method of sampling points from (M, g) in

which the probability of picking n points in a given volume V is

THRARAEL R “HR”, B M (M, ) FRIERIITTIE, HAELER v FIER n D
AR



Py (n) = %e‘pV. ®

where p is called as the sprinkling density, which is determined by the fundamental cutoff. Over a large
number of samplings, the average number of points in a region of volume V,(N),, = pV . This is how the
number of elements is related to the volume of the spacetime region. Since the number of elements in a
given region depends only on its volume, the Poisson sprinkling, unlike the lattice discretisation, provides a

covariant discretization of the spacetime (M, g) (Fig. 2).

Hit o NFEEE, HEAENIVE, XRERHEME, KB V,(N), = oV BRI 58
PRI R AR RGN B XA E R, BT AE XISR TR ORI T XIS A,
AR S S B EUEARR, BREAVNZS (M, g) FREEE & ELL (E 2),

Itis shown in [1] that if we consider a sample space Q,, of finite n -element causal sets, which are labelled
over the set of n integers as in [1, 2,4, 12] , almost none of the causal sets in Q,, are manifold-like. The findings

of [1] are even stronger, where

SCHR [1] R, WERBAIZEER n TRERENEARTH Q, —IXERIRER [1, 2,4, 12] FHRFE
BHARCHE n DEBMRIE S E—F2 Q, FILFRARTERIRE, SR [1] FIS5 I8 AT DL
—aafe, H

Fig. 2 A 2d manifold-like causal set obtained from a square in a 2d spacetime by the process of Poisson-
sprinkling

] 2 383 TEAATE M 4N S IE 7T T RS A — 4R R SRR

it is shown that almost all of the causal sets in Q,, in the large n limit form a special class of three-layered
orders, which we shall define in section ”Non-manifold-like Causal Sets”.

W7, R nBRT, Q, PTG RREMER—RRHRN =2, RIWEE LR
FIERE” —TRHE L,

Non-manifold-like Causal Sets

BRI R 42



In this section we look at layered causal sets. They are non-manifold-like and almost entirely populate
Q,, with large n . We define different types of layers in a causal set and give several examples of them along
the way. These definitions are taken directly from [6].

ATNBANIARTERRE, XERRERETEREE, LRl n 5T Q, o BATE X FER
EHRAFERENE, HEDEPA DD, XEE X ERES|BSH [6].
Definition 7. The level L; of a causal set C , with j = 1,2,3,... k, is the set of minimal elements that
remain after deleting all elements in levels L,,, m < j . In particular, L, contains all the minimal elements of

C [1] (Fig. 3).

EX 7o B j=1,2,3,...k, KRECHIZL; BMERE L, m < j FrETTRERRIIBINITE
Go R, L, ®& ¢ KIATER/NIT [11( 3).

As is obvious from this definition, a level can be assigned to any causal set.
HiZE X5, ERERREH AT LUE XZ,

Definition 8. A Kleitman-Rothschild (KR) order has three levels L;, L,, L5 satisfying the following prop-
erties:

7E X 8, Kleitman-Rothschild(KR) FEH =NE Ly, Ly, Ly, /& AN ER:
1. |Ly],|Ls| = n/4+o0(n)and |L,| = n/2+o0(n).

1. |Ly],|Ls] = n/4+o0m) F1 |L,| = n/2 +0(n)
2. e, <xejande, € L; implieseg € Lj,; .

2., <xesflle, €L & eg € Ljyy o

3. Each element in a level L; is connected to asymptotically half of the elements in L;_; and half of the
elementsin Lj,, .

3. B L FINAER, WOEHES: L, h—RIITEE S L, iR,
4. Foralle, € L and e5 € L3, e, < e, (Fig. 4).
4. XA e, € L, fleg € Ly, e, < eg (B 4),

Definition 8-4 is not explicitly stated in the original paper of Kleitman and Rothschild [1]. However
since the dominant contribution comes from those orders satisfying all the conditions in Definition 8, this
additional condition was imposed in [2,4,12] . It was later shown that in addition to the KR orders, there is
a hierarchy of subdominant k -layer orders [2-4], which are defined as follows.



T 8 HIEE 4 2% A1E Kleitman 1 Rothschild AYJR4ETESC [1] FHEAWAZE tHo (EH T2 E X 8 AT
AERANFEG TS, EIINFETETE [2,4,12] H5I A, SRR, BRKR FIh, EFLER
ERN kBFER [2-4], AR,

Fig. 3 The Hasse diagram of } Level 3
a 6-element causal set with 3
levels
} Level 2
© } Levell
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Fig. 4 An example of a 24-element causal set, which satisfies the KR property

& 4 7 /& KR PEFRIK) 24 ToRRERA

Fig. 5 An example of a causal set that is not a k -layer order for any k . While it is possible to assign a
map ¢ : ¢ — N which satisfies Condition 1 of Definition 9, as shown in the figure, it cannot satisfy Condition

2, since element x with ¢ (x) = 1 and element y with ¢ (y) = 3 are not related

B 5 XERE k BB T k RFERIRRERA, WEATR, BAR DS EMR T HEE X 9 50 1 [yt
B¢ e N, [HELERHESRMS 2: WA ¢ (x) = 1 WITER x A ¢ () = 3 WITR y ZFARFTE
EES S

Definition 9 ( [2,4,12] ). In a k-layer causal set C € Q,, it is possible to assign a k -layer-map ¢ (e,) €
{1,2,...,k} to each element e, € C, such that:



ENX9([2,4,12]), EkEREE C e Q, H, FIAENITE e, € C HE— k EMET ¢ (e,) €
1,2,...,k}, HeE:

Le <es=>{(er) <{(e).
2.8(eg)>¢(e)+1=> e, <ey.
Let DK denote the set of these orders.

& DX NIXLEFFHIES,

The class of k -layer orders is special and not every causal set is a k -layer order for any choice of k . A

counter example of the k -layer order is shown in Fig. 5.
k BFRRRRR, FIMERREREMMERIEEN L BT k27, B 5 HHT —D k BRRIRpl,

Definition 10. A subset C C C is causally disconnected if there exists no relation between elements of
C and its complement C¢ in C.C is an irreducible causally disconnected subset of C if further, it contains no

nontrivial causally disconnected proper subsets.

TS 10. £ C FRTTRGHEAE C.C FIYHME CC ZIRAIRFERR, N+ C c ¢ ZREREBER,
# Cc C S TESIFENERREER T4, WER C MARRARREAEE T4,

Fig. 6 An example of a causal set that is not a k -QL order for any k . Element x with n(x) = 1 and
element y with 7 (y) = 3 are related by a link thus violating Condition 1 of Definition 11

el 6 —PHHERE k B k -QL IR, TTE x 5 n(0) = 1. & y 5 () = 3 BiLHE
B, PO T3 11 H9AP 1

Fig. 7 The first causal set belongs to DX but not to QX , and the second to QX but not to DX

H 7 E A EEEET ok BRET ok, # AMHEEET ok (HRET Dk
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Definition 11 ([6]). In a k -quasi-layer ( k -QL) order C € Q,, , it is possible to assign a k -layer-map
n €{1,2,...,k}, such that:

ESX11CHR [6])0 TE— Kk -UE (k-QL) & C € Q, 1, FIDDEL— k -EBLS 5 € {1,2, ..., k},
e :

1. Fore,,e; € C,ife, < xegthenn(eg) =n(e,) +1.
1. ¥t e e, € C, Fie, <xes Mnle)=n,)+1o

2. For every causally disconnected subset C ¢ C,3e, € C such that7(e,) =1.
2. WHERIIE 7 (eq) = 1 MRRAREBETE Cc C,3e, e Co

We will refer to this k -layer-map assignment as quasi-layers (QL). Let QK denote the set of k -QL orders.
Just like k -layer orders, not all causal sets are k -QL orders. A counterexample of the k -QL order is shown in
Fig. 6

BATRIXFR k -2 ECFRNUZ (QL). & Qk 9 k-QLIFWES, Ml k-BF—F, JHAFFER
REHZ k-QL P B 6 BH T —1 k-QL PRI MBI

It is shown in [6] that for a given labelled causal set the assignment of QLs, if any, is unique, i.e., every
k -QL order is a unique labelled order in Q,,.QK is therefore a proper subset of Q, . It is evident that DX n
QK + o, but that one is not nested inside the other. This is because 3C € D¥ in which there are links
between nonconsecutive layers, and hence Definition 11-1 is not satisfied. Conversely, 3C € QF such that
the elements in the (i + 2) th QL are not all related to those in the i th QL and hence, Definition 9-2 is not
satisfied. Importantly, since the KR orders satisfy both Definitions 11-1 and 9-2, they lie in Dk n QK . We give
examples of these differences in Fig. 7. Note also that typical manifold-like causal sets do not lie in either QX
or Dk .

SCHR [6] EUERA, X T4AERMRICERE, BEDE (GFE) 2N, BN k-QL F1E Q,.QF
HERIE—IARCE, HikQ, 2 Q,.0f METHE, BA DN + 0, HoHENFHAOAEER
R XRHINFE IC € DE, HAAMHEMEZ RITFEERER, RIEAWEE X 11 W&t 1L, k2, 7
f£3C € Qk, RS (i +2) MUIBHFHITEIFER S | MUABRFIITRERMER, FIHEAHEE X 9
&M 2, BEAE, BT KR FRMNHEEE Y 11-1 FIENX 9-2, FEMET Dknok, HAHE
7 WA T IXEERIRE, BTREE, HAREIREREMARET ok thrE T Dk .

Another important class of causal sets is that of bilayer (2-layer) orders, in which all relations are links.
Every C € Q2 is a bilayer order. Conversely, to any bilayer order C , we can assign the QL » = 1 for all
minimal elements and 7 = 2 otherwise. This satisfies Definitions 11-1 and 11-2 and hence, C € Q2 . In other

words,2-layer orders and 2-QL orders form the same class of causal sets.

11



BREENRREZNE 2B 7, XERNREFIERAMNZHENR, 81 C e Q2 #HiENEF,
k2, MEBNEF C, BATRILCNFIEN/NTHEL QLy =1, AHMITTHE QLy =2, XiFE
FEN11-1 1112, BET C e @2, M52, 2 BFM 2-QL PRl —RERE,

Causal Set Partition Function

PRI R A AL 77 PR EL

Approaches to CST dynamics include sequential growth models [13] and continuum inspired dynamics
using a CST partition function, also called as the path-sum. Here we will discuss the latter. For the sequential

growth models, readers can refer to [9] and references therein.

CST IR 75 A s KA [13], DANAER] CST BLor BREL (HFROVESIEAN) BIBESEA
JFRMENTIH . AXBATKITIEEE, KTRFERER, 5% a3% (9] HEAPRIHESOR,

The CST partition function (path-sum) over a sample space Q is given by

FEARZSR] Q B CST Bl BRER (842 A0 B RS

Z = Z exp(%S(C)) (2)

CceQ
where S (C) denotes a choice of causal set action. The choice of sample space Q depends on the problem
athand, and in this chapter we will work with Q = Q,, , which is the sample space of n -element labeled causal
sets. The path-sum Eq. (2) can be split as a sum over non-unique mutually disjoint subsets Q1, Q®, ... of Q

,i.e.,

Hrp s (C) R EWRIREMERE, FEARZR Q FIERFRRT SRR, ARERITKE Q =
Q, FITRWE, Q= Q, 2 n MITRIRSRIRENFEAZ R, BN (2) /] T2 0 Q KI9E
E—HFFE oL, 0@, .k, Al

2=204+204 3)
where
Hrp
m) _ L )
2z S exp ( £8(C) )
ceQm

This split allows us to inspect the contribution to the path-sum from different classes of causal sets.

XA 73 A] PALESRATT 20 A 0 A A [R1 251 R SR B X B AR AR DTk

A natural choice of the causal set action, 8 (C) is the Benincasa-Dowker-Glaser (BDG) action,

12



RELEERHE S (C) B—> BHALEEZ Benincasa-Dowker-Glaser(BDG) /Ef &,

Jmax(d)

Jj=0
where N; is the number of j -element order intervals in C and u (d), 4; (d) and jy,, (d) are dimension

dependent constants (see [14-16] for details). In particular for d = 4 we have

HrN; 2 i j T XRIRTEE, u(d),A; (d) F jmax (d) 208 T4 R H £ (40775 WL [14-16]),
Realt, T d=43AA

2
sg*g,c (C) = ( l > (n— Ny + 9N, — 16N, + 8N3), (6)

where [, is the Planck length, and [ is the discreteness scale determined by the sprinkling density.
Hep 1, BEMTRE, |20 e SR,

In a sample space of causal sets with large number of elements, the expectation value of 8 (C) over dif-

ferent Poisson sprinkling gives the Einstein-Hilbert action, up to boundary terms [17-19].

FETRRBERARNRRERATZR N, ARTBEREA T S (C) NWHEELFIUE ENET Z R
H-Fm/RMERERE [17-19],

The BDG action is defined via a top-down approach, i.e., instead of defining the coefficients using order
theoretic arguments within CST, they are determined by comparing the average of BDG action over different
sprinklings with a known continuum action. They are both dimension-dependent and apparently arbitrary.

BDG fER &ilid B A R 77 750E S B 280 ST NEY BRI IERE X, it # A [H
BN BDG 1EFH B FIME S CHNESAREF BT LR E 250, XU R BB RHERE, AT
wHEEEM,

A simpler choice of action, called the link action, is proposed in [6, 20], which can be considered as a
more natural choice from an order theoretic perspective. The link action depends only on the number of
elements n and the number of links N,

SCHR [6, 20] PR T — AR A B AOVE RS, FROVRERR(ERI R, WRELIEHIAESR, EREERN
ke, BERAEH B IURBUTREE n FITEHEEE N,

£51(C) = (n+ ANy) Q)

which can also be obtained from the BDG action by putting 1; = 0,Vj > 0. The continuum limit of this

action is still unknown.

‘EhAT LR BDG FEARRA A; =0,V > 0 158, %A RHNESHANRIR B AR,

13



Suppression of Layered Causal Sets

g =ISE s SINEHIR

We now have all the ingredients needed to study the suppression of layered causal sets. In this section,

we discuss the suppression of k -QL orders in Q,, by the link action.

BA T EZRBH R 7 E R R EMSI R 25 M AT, BATRINSIERIERT Q,
k -QL I,

Counting n -Element k -QL Orders

¥ nitk-QL

Definition 11-2 makes direct counting of k -QL orders difficult. We therefore count them indirectly using
another class of layered orders, which is defined in [6] and is called as the pseudo-quasi-layer orders that
satisfy less stringent conditions than k -QL orders. We determine the upper and the lower bounds on the
number of n -element k -QL orders in terms of that of n -element k -PQL orders and show that the log of the

upper and the lower bounds are identical up to the leading order in n .

X 112 (EFERE K -QL FPARR INAE, R FATTEE 5 — R BRI, XRPE T
Wk [6], MRADAELDER, WL k -QL P ERAARIZRA . BAMEB) n It k -PQL PHYEE, #HE n
JC k -QL FEEA_E RS, FERAFE n &, B RSREEE TR,

Definition 12. In a k -pseudo-quasi-layer ( k -PQL) order C € Q,, it is possible to assign a k -layer-map
3, such that Definition 11-1 is satisfied but not necessarily Definition 11-2. We will refer to this k -layer-map

assignment as pseudo-quasi-layers (PQL).

X 12, 1E k TR (k-PQL) ¥ C € Q, 1, FIBAGTEE—> k JEWGS 8, e X 11-1, HA
—E R E X 11-2, FATPRIZFN k BB D BECH AT E (PQL),

Let ¥ denote the set of k -PQL orders. We build up k -PQL orders by assigning k -layer map to n elements
and add in relations that satisfy Definition 12. Different k -PQL assignment to n elements can lead to the same

causal set in Q,, , leading to over-counting. The k -PQL order is therefore not a subset of Q,, .

% PEONFRAE k-PQL P RRINE S, FATEILSE n NCEAE k EMLE, I EE X 12 X R
Kt k -PQL [Fo 28 n TLEDECHIARRE k -PQL, 1E Q, FAJREX N[ —NARE, SHEE I,
At k -PQL F 18 Q, MT5,

Let ??l,n denote a k -PQL order with n elements and filling fraction ¢ = (q;,qa, ..., qx) » such that the

first PQL contains q;n elements, second PQL contains g,n elements, and so on.

WP, =& n MR, HAERN G = (q1,q2 > q) Wk -PQLFF, THEH D PQLIEE qin
PER, D PQLER qon TITR, RIS,
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Definition 13. A PQL assignment is said to be naturally labeled if the first PQL is {el, e eqln} , the second
PQLis {eq1n+1’ s e(q1+q2)n} and so on, and therefore is unique. We denote the set of naturally labeled k -PQL
orders with filling fraction ¢ by ﬁ; LChE.

TEX 13 RE =D PQLEE {ey, ....equn}» B D PQLIESE {eq nt1s - »€qurqpn) » MRILISHE, T
MRi% PQL 73AC/E A AFR S 1, HIXMBLRME—, BATREFERN q FIFTE BAPRS k-PQL &
HRIEEIEHN 22 C Py o

Let jl o denote a set of all naturally labeled k -PQL orders with n elements, filling fraction g and pn?
links and Q;fn denote a set of all k -QL orders with n elements and pn? links. It is shown in [6] that there

exists a one-to-one map from P¥ to Qk n » and therefore
q.p,n P,

By RS n NIUR, B5ERN G pn® FIEENEARS k-PQL FAMRIIRS, OF, N
FIAE n MTLR, H pn® FIERM k-QL PSS, ik [6] ELUEW, fFEMP: 1 of,
HIXCH, A

®)

| <12hn

qpn

Note that Eq. (8) is true for any choice of ¢ including the one that maximizes

P | . Let g, be one of the
a.p.n

filling fractions for which

3’7”1‘0 » n| is maximum over ¢ (o = (1/2,1/2) and gy = (1/4 — x,1/2,1/4 + x) are the choices for g, .).

due to the over-counting in k -PQL orders,

EE R ® N G W EEEREARL, B |2 | EOR K
BEL BT korQL FREEESIE B oG REG |n |

q(qo = (1/2,1/2) and qo = (1/4 — x,1/2,1/4 + x) are the choices for g, .). Also, ) & B 1§ & K {H
EHFE Bz —,

|Qg.nl < |55l 9)

where %5, denote a set of all k -PQL orders with pn? links.
Hrp pk, FoRFTA S pn® SEHZI k -PQL FPHI AN &

Using Eqn (8) with ¢ = ¢ ,(9) and the fact that
KX®5G=q . RO &G, HEEGUTEL:

Bl = X m(@)|7,, < 2m (@)

q q

Pro =k
qo,p;n

*
s 0,p’n| , (10)

where

=
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o\ n!
m (@) = (@) (@m)! .. (qen)! (11)

is the number of ways of filling the PQL’s with a given filling fraction ¢ , we find that

RLEHFT L q INEFE PQL Y75 7E%L, TAEH:

?%lkoypyn‘ < |Qll’{’”' <k ?go,p,n( ’ (12)
~ 2
P = (a(qo)n ) (13)
qo,p;n pnz

where o (q) n? is the maximum number of links possible in a k -PQL order with filling fraction G . Using

Stirling’ s approximation, to the leading order in n,

Ht o (q) n? BEFEDBON q 1 k -PQL i 2 Rl RIEHZERL FIRITRARIELL, £ n B9EKET
T,

In

?Zo,p,n| = a(Go) n*h(p) + o(n?), (14)

where 0 < p = oc(c_io)_lp <1land

Hfo<p=a) p<1H

h(p)=—-pIn(p)-(1-p)In(1-p). (15)

Also up to the order of n? , the explicit counting of ?p’fn in Eq. (10), with the extra factor of k" leads to the

same type of expression as that of the bilayer order in Eq. (14),

[RIFETE n? BYEREIN, =X (10) Hoxt 2%, ERHTBIETINAF K R, BFRER5K (14)
B HIFRIAATE A — 2,

In (k"

7 |) =nlnk+1In
0-.P>1

P poul = 2@ PR @ + 0 (2). a6

Equations (12),(14) and (16) suggest that to the leading order in n

X (12). (14) #1 (16) RBH, 7E n IELHTT,

In|Qf,| =In

?_Zo,p,n| +O(l’l2) = a(EiO) nzh(ﬁ) +O(n2). (17)
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Calculation of the Path-Sum for n -Element k -QL Orders

nJt k -QL FRIBAE A5

The contribution of n -element k -QL orders to the causal set path-sum can be written as

n It k -QL X R R AR IR Tk A 5N

1 .
~ i
2l :f dp'Ql’,"n|exp(%$(C)>. (18)
0
Here it is assumed that n is large for which p can be treated like a continuous variable.
AR n 1ROK, I p AT S 1EE S A B AL TR

Note that the Kleitman-Rothschild result implies that if $ (C) = 0, the KR orders dominate the path-
sum. The choice of § (C) is therefore crucial in taming the contribution of the KR orders. Here we compute
the path-sum with the link action and show that this choice of action suppresses the contribution of the KR
orders.

TEFR, Kleitman-Rothschild 552 %HH: 2 8 (C) = 0 5, KR FEREMH EESF, It s(C) B
IRBON T2 KR JPRUTTRR R B B, ANSCHA TR R FH E AU RS AR AN,  UERHIX A FH Y1k
PRI KR P HIDIRR,

For an n -element k -QL order with pn? links, the link action (Eq. (7)) takes the form

HF— NS pn? KB n 7T k-QL 7, BEE(ERIR (R (7) BR A

81 (C) = un + udopn* = un + udoa(go) pn?, (19)

and therefore

K AT 1%
1
Zlok = f dpexp (n*a(qo) (iudop + h (D)) + 0(n?))
0
1
= f dpexp (n*a(qo) E () + o(n?)), (20)
0
where
Hr
E(p) = iudop+ h (D). (21)
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We will solve the integral in Eq. (20) using the method of steepest descent as is done in [5]. We first find
the saddle point:

PATRET SR [S] BB BE R EEER AR (20) IRy, B CEkE# A

E'(P) = iudo —Inp+1In(1—p) = 0, 22)
_ etHdo eithol2 1 _ Ulo
= Po = 1+eitdo  2cos(udg/2) 2 (1 + ltan<7)>. (23)

At p = py , the second derivative of E is

5= by I, EEIIHSHH

_ 1 1 ,Lllo)
E" =—= - — = —4cos? (— . 24
(Po) Po  1— Do 5 (24)

Since E” (pg) < 0, the steepest descent is along the direction in which p — p; is real. At the saddle point

BT E” (Po) <0, BB MR p— po NSEEHITT AT, 1ERGRAL
h(py) = ’Lﬁtan (#;10) +1n <2cos<%>) (25)

E(po) = l% +1n<2005(’u;10>> (26)
Saddle-point approximation of the integral in Eq. (20) around p = py is

2 20) FRDFE p = po MHEAIE RO LON

1 //
Zlgx / dpexp (nzoc((fo) (E(ﬁo) + (pO)(p 0)2) +0 (nz)) . 27)
0

In the limit of large n , the integral above is a Gaussian integral, which when solved gives

FERnRIRT, @B, R#ER

~L 2 20 (G E (B 2
Zlgx ~ PENIEACS] exp (n?a(qo) E (Po) + 0 (n?)). (28)

Contribution of QF to the path-sum is therefore suppressed if Re (E (p,)) < 0, which is true when
|cos (udo/2)| < 1/2 . Since the saddle point lies outside the real axis of the complex plane, one needs to
deform the contour in the integral of Eq. (27) to make it pass through the saddle point, as shown in Fig. 8.
We therefore have to check that the rest of the contour does not contribute significantly to the integral.

K Re (B (Bo)) < 0 I, QF XMBREFNMITIRABLNEI, IXTE [cos (udo/2)| < 1/2 INRAZ, HITH#s
M TEFHESEE A, FELER 27) R EEEHES B, & 8 in, BIHEAIFRZERIE
FEIE AR IR 0 XA B TT R
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If Im (py) = tan (udy/2) /2 > 0, then we deform the contour along the path C;" U C5 U C5 in the upper
half complex plain in order to make it pass through p, = p¢ as shown in Fig. 8. If tan (u1,/2) < 0, then
we deform the contour along the path C;” U C;3 U C5 in the lower half complex plain in order to make it pass
through p, = py -

2 Im (py) = tan (udo/2) /2 > 0 N, BATEE E¥FHINIER CF uCl u et ZIBENE, R
&l 8 FI/RHY Py = Pg 5 4 tan (udo/2) < 0 B, FATEE FFEFHIEER Cr uCy uCy; ZTEEE,
/E\:géﬁ 50 = 56 o

Fig. 8 Contour from p = 0 to p = 1 (dashed line) passing through the saddle point p, , which is shown
as pg if Im (py) > 0 and py if Im (py) < 0

B8 M p=0%Fp=10EL) &L~ p, MEIE, 2 Im(p,) > 0 N SFRICHN pi, 2 Im(By) <0
INFRICHY By

Pty GsT
R - |
Cit! Gt
0 K
ot ¥y
o Ci

Case 1: tan (udq/2) > 0
1HE 1: tan (udo/2) > 0

The path from p = 0 to p = 1 consists of C}t,Cy and Cf . On Cf ,let p = iw, where 0 < w <
1
5 tan (udg/2) .

Mp=0%p=10ZEHCH I Wl @p=iwEXIEC] I, EFo<w< %tanguxlo/z)

o

lnﬁ=lnw+i§, In(l-p)=InvV1i+w?—itanw (29)
h(p) and E (p) for p' = iw takes the form

XM p=iw i h(p) 5 E(p) TEXH
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h(iw) = gw +wtan™'w — InV1 + w2 + i Im (h (iw)), (30)

T
2
OnCy ,let p=1+iw,where0 < w < tan (udy/2) .

E(iw) = Zw + wtan " 'w — udow — In V1 + w? + i Im (E (iw)) . (31)

LP=1+iwEXTECS F, HF0<w<tan(uiy/2).

Inp=Inv1+w?2+itanw, ln(l—f)):lnw—ig. (32)

It can easily be checked that Re (h (iw)) = Re(h(1 + iw)) and Re (E (iw)) = Re(E (1 + iw)) given by
Eq. (31). If ud, < 0 then Re (E (iw)) > 0, which means that the upper contour C; and C; will contribute
significantly to the path-sum, which then won’ t be suppressed, and hence, this contour is ruled out. If
uly > 7, then Re (E (iw)) < 0 and the contribution of C;f and C5 to the path-sum is suppressed.

THERUE, Re(h(iw)) = Re (h (1 + iw)) Al Re (E (iw)) = Re(E (1 +iw)) X 31) A, # uly <0
, T Re(E (iw)) > 0, XEMKE LEIE Cf 71 CF SATBEAZHI =4 T TIlk, BRIRFRSHHH],
HIZEIESHERR, 5 udy > m, MW Re(E (iw)) <0, Cf Fl CF W &R smk Al

If0 < udy < 7, then the condition that |cos (udq/2)| < 1/2 limits us to the range 27r/3 < udy < w. We
look for the maximum value of E (iw) over w for a given ud, in this range and check if it goes above zero. At
w = 0,Re (E (iw)) = 0 and

0 < udy <7, M |cos(udo/2)| < 1/2 BIFHRFRATFRHITEXE 27/3 < udoy < w Mo FATFEIZ X [H]
PAXHMERLEN uly , FHE (iw) 7w EERAE, HKEEHRERKTZE, f£w = 0,Re (E (iw)) =0
=N

dRe(E(w)) 7 1
g = 5 ttanTw—udo, (33)

which is less than zero for small w , which means that Re (E (iw)) decreases with the increase in w . It

attains a minimum when

3w RN, ZHXNTE, BRE Re (B (iw)) BE w BRI/, EA1E M BB &/IME

T

> +tan"'w — uly = 0= w = —cot (udy) = %(tan(%) —cot (’lﬂ))

2
(34)
So the minima lies in the range 0 < w < % tan (udy/2) , the maximum therefore may lie at either bound

of w, but one can check that at w = % tan (udy/2),Re (E (iw)) < 0 for any value of ud, in the range 27/3 <
ulo < 7.

Rt/ IMERL T XA 0 < w < %tan (MAo/2) N, B ARMERTREHINTE w TR — i b, (HA] DS

IE, WX 27/3 < puy < 7 PITE udo HIHE, 1w = %tan (1Ao/2), Re (E (iw)) < RbEBIH EAE /N
T,
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Case 2: tan (udy/2) < 0
TEWL 2: tan (udy/2) < 0

The path from p = 0to p = 1 consists of C;,C; and C3 . On Cy ,let p = —iw , where 0 < w <
% ltan (uly/2)] .

Mp=0%lp=10&EH Cr,C; My M. ©p=—-iwfFATCcr, EFo<w< é |tan (udo/2)|
1n5=1nw—i72l, In(1—p)=InV1+w?+itanw (35)
h(p) and E (p) for p = —iw takes the form

p = —iw XN h(p) A1 E () AW R

h(—iw) = %w +wtan"'w — In V1 + w? + i Im (h (=iw)), (36)
E(—iw) = gw + wtan"'w + pudow — InV1 + w2 + i Im (E (—iw)). (37)

OnC; ,letp=1—iw,where0 < w < % [tan (udy/2)| . As in the previous case, it can easily be checked
that Re (h (—iw)) = Re(h (1 — iw)) and Re (E (—iw)) = Re (E (1 — iw)) given by Eq. (37).

Lp=1-iwfEATCc, HPo<w< % tan (udo/2)| o SFHTIRIETEAHE], FHERIE Re (h (—iw)) =
Re (h (1 — iw)) 1 Re (E (—iw)) = Re(E (1 —iw)) HI (37) AH,

An analysis similar to that of the case of tan (ud,/2) > 0 shows that in this case the contribution of the
contours C; and C; to the path-sum is suppressed for if uiy < 0

X tan (udo/2) > 0 IBTERIRMA TR, 5 udo < 0 Bz, WIENE Cf M1 Cy X BRI TTRAE 1
JAHlEY

Therefore, the contribution of k -QL orders to the causal set path-sum is exponentially suppressed if the

parameters of the link action uAl, satisfy the following

Kltt, HEZEEH RIS ud, e IR, W kB k-QL 57X (A SRR B AR A o k2 15 45 il
i}

10)| <1 1an 1)
uly >0, ‘cos( 3 > < > tan( 5 >0 (38)
= udy >0, tan(%) > \/3 (39)

or
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Uy <0, |cos<%>’ < % tan ("ﬁ) <0 (40)

= uldy <0, tan (%) <3 (41)
This analysis is taken a step further in [5] by considering higher-order terms in the saddle point approx-

imation leading to a more tighter bound on the parameters given by

SR [S] Rz At —20, FE T EOL PRSI B2 TN SEERRSR, WNR

uly > 0, tan (’%) >4/ %e—l/z -1 (42)

Uiy <0, tan <‘%> < - %e—l/Z -1 (43)

Further, a combinatorial argument is presented in [7] for three-layered orders, and generalized to all

or

layers in [8], to show that the N; terms for j > 0 in the BDG action contribute only to sub-leading orders in
n, and to the leading order in n the link action dominates the BDG action. Hence, the results discussed here
imply that all layered causal sets are suppressed in the full path-sum with the full BDG action, irrespective of
the dimension of the BDG action.

AN, SR (7] #tx o BRegath THEIRUE, SRR [8] K EHE EHERES, IEH T BDG fEH &+
XRL j > 0 B N; O n HEQIRGERM A TR, 7E n (GEKHTIERREH & &5 BDG (FHEN TS
HRL, PRIEASCIERISEIREM, Toit BDG R B AR, EEENITRTH 72 2R B REARH
J: il

Conclusions
aiie

We reviewed recent developments toward understanding the emergence of manifold-like behaviour of
spacetime in the causal set theory. We started the chapter with a brief introduction to causal sets followed
by a discussion on non-manifold-like causal sets. We then discussed the causal set actions and the path-sum.
We saw that a particular class of non-manifold-like causal sets called here as the quasi-layer (QL) causal sets
are suppressed in the causal set path-sum by the link action, for a suitable choice of action parameters, in
the limit of large number of spacetime elements. These QL orders consist of the Kleitman-Rothschild (KR)
orders, which dominates the collection of all n -element labelled causal sets Q,, with large n . Further the
analysis of [7] suggests that the KR orders are also suppressed by the BDG action (which, for a manifold-like
causal set reduces to the Einstein-Hilbert action in the classical limit) as the BDG action is not very different
from the link action for the KR orders in large n limit. The study of [7] was generalized in [8] for layered

causal sets with more than three layers.
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BANER T RREEO PRI N 2SR R e, AR EARENSA T HRE, EIe
TAERME IR RS, #HERY THREFHESKREN, BIMEH, EAEERIEHESK, W2
TERBMERARIINRT, AXFRNHER (QL) KSRERIX—HIARTY FIRE S BOE R EH & ER
RAERREFIREL, X2 QL FH S Kleitman-Rothschild(KR) )5, 4 n BRI, KR FEMRE n i
TCEMFRICRRE Q, B 5 ESHIM, BEsh, R [7] B3 HT3RAH, KR FF24 BDG 1R & EMK
NFRIRERRE, BDG 1EHBAESIMNE FIBMAZRHE-F/RARHER &, FAE R
KEIMBR T, KR F BDG fEH & S5EREHR&ZERFIR/DN. SRR [7] BFIRFFRAESCHR (8] HH#E 2
T=BRAENERERE,

We here, along with the references herein including the original KR paper [1], work with labeled orders,
but as discussed in [21], the labeling introduces a factor of at most n !, which is sub-dominant to the entropic

factor of 2 . Hence, much of the analysis is expected to be carried over to the unlabeled case.

WHERLE KRIESX [1] FEN, RSN IALS I FIBIRT AR AEAC BIARIC Y, {HIEGSCRR [21] ATIFIERY, AR
EREZFIA—A n ! WA, ZETH 27 WREE T SRR ESH, FIAES T B AT A
T RIARFRICHIIE L

In spite of the progress made toward understanding the emergence of continuum manifold-like be-
haviour of spacetime in causal set theory, there are several open questions that need to be answered. One
of them is about the contribution of different types of manifold-like causal sets to the path-sum. If, for ex-
ample, spacetimes of dimension 4 + D , with D compact dimensions are the right continuum approximation
of CST, one has to explain why causal sets that approximate spacetimes of other dimensions are suppressed.
In order to do such analysis, one needs to characterize manifold-like causal sets, which is challenging and a

subject for future investigations.

REERREH I HEESSE RPN ZRRIIE UG 7Dt A 2 DRI iR
i, Horp oz — @RI R RN AR AR sTek A, G, WR4EE N4+ D, HFD
MEBEREI N 22 RIIRE G (CST) WIEMESHEL, AT THE Z MR 2E PO thZE R I =2
RIRISRE S PURAR, ZOTRIXEMT, EERERERMEARE, X—mERSRE, AR
BRI 75 A,
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